Moving Sources

** The sound field of moving sources

@ Moving point sources
« The pressure field generated by point source of general time and

position qly,7) .
xt t—7—|x—y|/cid’ydr
[y e v/

« |f the source is concentrated at the single moving point, source may

b ]
e written as q(x,t)=Q(t)5(X_Xs(t))

* S0, the pressure field of moving point source is

p’(x,t) _ J‘ Q(T)5(t - |X — X (T)‘/C)dr

47[|X — XS(TX
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** The sound field of moving sources
 For the retarded time, z°, the pressure field is

p'(X,'[) M

T 4mfl-M,|

where, M is relative mach number
and r=x—x.(") clt—")=x—x,()

» The source is moving with a constant velocity.

<«——Source is moving path taken by

L T T L T T ey :
* )9 moving source

position of source
at emission time 7

/2

observer C(t - T*): {(Xl _UT*)Z +X; + X§}1
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** The sound field of moving sources

« If the source is near the origin at emission time and the observer is
faraway (| Ur* | < | x | ), the equation may be rewritten as

C(t—r*)=|x|[1_ﬁUT*J

X

. t—|x|/c
LTh =
1-M -cosé@

 The frequency of the sound heard by an observer can be determined
by comparing p’, dp /ot

o _or Q) 1o 1 Q)
ot ot 4arfl—M cosé) Pt 1-Mcoso Q)
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** The sound field of moving sources

« The sound radiated by a moving source of frequency  is heard at
x at the “Doppler shifted” frequency

o (0
¢ 1-Mcosé
Approaching Proceeding
p >
(0]
£ >1 <1
1—M cos @ 1-Mcosé
Observer
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** The sound field of moving sources

« The Doppler factor for a moving source.

Crest B emitted at time

Tisofager
Source has travelled a

distance cMT between

crest emission
‘ C(t—r*):{(xl—Ur*) +x22+x§}l

Crest A emitted

attime O is q:"'u__
is of age (T+7) ., !
\ To Observer
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** The sound field of moving sources
« To obtain the z° , explicitly for any observer position

. ct=Mx (% —UtP + (- M2 )2 +x2)
X ci-m?)
Subsonic source velocity
+ — — sign only (Only one value of 7*)

Supersonic source velocity
Multiple solutions of z*

T

v

Observer
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** The sound field of moving sources

» To convert to the reception time coordinate, two variables are
Introduced.

R= {(x1 —Utf +x2 +x2 }Uz ®=(x,—Ut)/R

« The retarded time, 7° , rewritten in reception coordinates

r =t-— R - (Mcos®+\/1—Mzsin2®)
Cil—l\/l )

» The pressure in emission time coordinates is

NETE—

M 47r[1l—M cos 6|

« Rewriting into the reception coordinates

rll-M cos| =[clt—z")-M(x, ~Uz"| = RvV1-M?sin’©
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** The sound field of moving sources

« And so

1
47zR\1—|v| 2sinz@\

xQ(t—al_RW)(M c0s @ ++1-M ?sin? @)j

« Reception coordinates are just coordinates in reference frame that
moves with the sources. It is similar to the observation of wind

p'(x,t)=

tunnel.
@r = == e e e m e e e e o e = -
)0 -
U
-
R
-
o ODserver
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** The sound field of supersonic moving sources

@ Moving sources

* In supersonic moving source, the sound is heard within the Mach
cone region

1 1

(M ’ —1)2(x§ +x32)2 <Ut-x,
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** The sound field of supersonic moving sources
» The sound emitted at two distinct times is heard simultaneous at x

7, = Mcx(ll\;ft—il)ﬁ [ﬁ = JUt—x ¥ (M2 12 + X2 ))

« At the observer position, the sound pressure is

- o o )
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** The sound field of supersonic moving sources

@ Moving source with finite length

« To consider source length, the pressure perturbation of the initial
position (7,,0,0) is

p(x,t)=— {Q(M(xl—m)—cu ﬁj+@('\"(x1—m)—ct—ﬁj}

4R c(M?-1) c(M2-1)

[ﬁ = JUt=x +7,) ~(M?2-1)x2 +x32))

 For the 1-directional source length I, the source can be considered
as a superposition of the moving point sources
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** The sound field of supersonic moving sources

X Jp _
position of source I 77 CO - ordinates

i Y

at r=0 T A n at timet
1

« |f the source has a finite length in the 1-direction, the sound heard
IS that due to an integral of the source element, and retarded time is
a function of source element

M (X1_771)_Cti771%(20')% dz’ _ X -U7’
c(M?-1) dr,  cr@l-M,)

L=
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** The sound field of supersonic moving sources

 For directions in which the effective wavelength is much longer
than the body dimension, the effect of the variation of retarded time
along the source length can be negligible

« For an observer on the Mach cone, M~ 1, retarded time varies
rapidly along the source length. A distant observer hears the
accumulated sound emitted by the source during the entire time.

« To demonstrate clearly, pressure perturbation is calculated in the

below conditions.
! M (X1_771)_Ct+(20)%771%
4r(20) LIO{Q[% c(M?-1) ]

oc=Ut—-x, R=n1(20+n)" p'(x,t)=

=0 | R issingular
T | ) M(Xl_ 1

m)—ct—(
c(M?-1)

20} Ufj dr,

+ QLUL 1
n

R ool = 771%(20)}/2 for o >>1
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** The sound field of supersonic moving sources

 For a source with finite life-span, the pressure perturbation is not
decayed by squared root of ¢ in the case of arbitrarily . The terms
of in the integrand are to be evaluated at retarded time.

M (Xl — 771)_ ct+ 771% (20_)%
c(M?-1)

T =

» |f the source emits sound for a finite time 0< 7 <T, for an observer
In the very distant far-field, the integrand is zero over the most
ranges of integration. Since the finite time duration time is crucial

thing.

Noise Engineering / Acoustics Sl L —
e EEEEE—



** The sound field of supersonic moving sources

« Mach wave sound vanishes unless Mx,=ct. Mx,=ct and Ut-x, = &
combine to to give |x|=ct, the Mach wave sound is

c(M?-1)
i¥io

IOT Q(Ul(f)’ T)dT

p'(X,t)—55—

U
= W Io Q(771(T)1 T)d 4

« The Mach wave sound heard in the very far-field decays inversely
with distance. All the sound ever released during the entire history
of the source is heard by the distant observer in one big bang!
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** The sound field of supersonic moving sources

Path travelled by source while

it emitted sound

\ Plane front

1 c’T?
— for

02

>>0 >>¢€

P~

Wave fronts begin to curve and
“a—— eventually evolve into a Mach
wave sound field

where

, (M?-1) M c°T?

o)

i P
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** The sound field of supersonic moving sources

Source at time 0 Source attime T

M, — o
- o=sin-t (1/M) /7'

X=0

Ut-o
sin@

x| =ct= = (Ut—o)M

That is, ct(1-M?)=-cM

(M? 1) (|v|2—1):|v|

and
o |x

o=\

The Mach wave geometry
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** The sound field of supersonic moving sources

@ Moving sources with mass injected and force applied

« The sound field generated when the field of density(p,) is injected
at a rate p, #’(r) and a force f(t) applied at the moving point x=Ut

« Mass conservation : %+pv-\7= 0,35 (X —Ut)
« Linear momentum : poEJer': fo(X —Ut)

« Combining and Solution

1 aZpl

c? ot?

oy o] B | o )
p(X,t)—poat|:4m-|1|\/|r|:| 8Xi|:47zr|er|:|

o . - 0 -
—V?p'= p,— BO(X—-Ut)——{ f 5(X —Ut
P poatﬁ( ) 8xi{'( )

Noise Engineering / Acoustics -18 -



** The sound field of supersonic moving sources

PS but 82'*_—(Xi—UiZ'*)
o  cr@—Mm,)

« Hence p&x.t)=|pp()+f(c)]

4r(1— I\/I)\l M|

- Effect of source motion ~ -,

@ Note
* B(7) and f(z) are not independent in general
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** The sound from the moving foreign bodies
@ The foreign bodies in the flow

f=0 control
—_—— surface

1 Y4

| -~

N PED Sy >0

- S G P G GRS G G— — k
n

foreign
body control surface Fig. 9.11 — Dcfinition of the function f(x, 1).

f is sufficiently smooth

Vf =n|Vf|

radiated
sound

of
—=Uu,—=0 oncs.
ot OX;

Fig. 9.10 — A forcign body enclosed by a control surface which moves with
velocity u(y, 1).
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** The sound from the moving foreign bodies
» Delta function é(f) #0onf=0

3 35— [AX)
Lq(x)é(f)d X = j Wf‘ds
 Define Heaviside function H(X)

H(x) = [Iforx>0
0 forx<0

« Inside the control surface, H(f)=0 , where f<0

H(f){%+ﬁ(pvi)}=o
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** The sound from the moving foreign bodies
» Mass conservation equation

0 0 oH oH oH oH
CH) L (Hw )= p T v C (o= p ) v O
of of
=(po—p,)—O(f —oO(f
(p=po) 5 8(F)+ o, — - 5(f)

= {poui +p(v, _ui)}g_):5(f)

Due to the motion of body T T Due to the fluid motion

« Momentum equation

0 0 of
a(HIOVi)—Fg(Hpij + HpViVj): {lovi(vj _uj)+ Pij }675(1:)

J J

Noise Engineering / Acoustics - 22 -



** The sound from the moving foreign bodies

« Combining mass & momentum equation
0 0°(HT;)

—(Hp')-c*V*(Hp') =
=) (Hp') X,

0 of
—a7£{m.(v ~u, )+p.,} ax 5(f)J

0 of
+a({P(Vi _ui)+poui}a_x5(f)J Where’ Tij :/7‘/iVj + pij _Cz(p_po)é‘ij

« The solution is

4ﬂcsz-(x,t)—aXX j‘x S(t—7—|x—y|/c)d®ydr
{,ovi(vj uj)+ pij} of 3
_6x-[ oy 8yj S(f)ot—z—|x—y|/c)d’ydz
QI{P(Vi —Uy)+ pyl;§ Of §(f)5(t—r—\x—y\/c)d?’ydr(ﬂ&f)J
x=y] Y, %
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** The sound from the moving foreign bodies

» To consider the effect of moving solid boundary, it is convenient to
Introduce a moving frame with acceleration, a, velocity V, at any

fixed point , »

v . ¥m.7)
ot

n=Constant n=Constant

« And, moving surface is stationary relative to the moving frame.

« The previous monopole term of sound generated by the stationary
foreign body is added moving effect

. {pv'”}ds= o gL 85(t—f—5jd8dr
Aac ot’s| R Aac=Y9 R Ot C

1 0 P8, R
= 90 Esit—r-Zlav
4nc? OX; ”V(f) R (t ‘ cjd ar

2 'V-
+ 12 0 jL d J5(t—r—BJdVdr
4nc® Ox,0x; 7 V) R C
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** The sound from the moving foreign bodies
» To obtain more generality, the foreign body is translating and

rotating
source element ‘n’ SIE
a , ‘ ’
-~ V. source element ‘n
-——— 1\ xs(ﬂ-t) ' ‘(
( 5—7 . L%
‘\ n' \ N \
~o ! | }
o Y 3 \\, EaRES
-f source at time 1
source at time
=0
V(17,7)=V,(z)+Q(r)x7 y=n+X,(7)

 The integration of volume and surface is independent of the
retarded time. Hence, the source terms of quadrupole and dipole are
not changed.
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** The sound from the moving foreign bodies

pl(x’t):4jcz ax?;xj jL(to)FE} Hs(t { } T

dpdz 1 0° A%
IL { } 47zczaxiaxjmc<to>{ Rj}d”d

« Using the |dent|ty of function ‘y’, it is carried out for the integration
with respect to the retarded time.

[ roplo(oke - 1)

(igj :1_3.(Qj _1-Rm
ot ), CoR \ 07 ), R

Noise Engineering / Acoustics - 26 -



** The sound from the moving foreign bodies
» The Ffowcs Williams-Hawkings equation is derived.

p,(X,t): 1 82 L Tij d77
47ZC2 5Xi8Xj (to) R|1_(R/R)M| =T,

21 ij‘ f d
47c? ox, %st)| RI-(R/R)-M[|

1 iL A, dn
4rc? ox; M| RL-(R/R)-M| | _

L 1@ L PV d
4rc? oxox, )| RL-(RIR}M| |

 The first term of ‘FW-H’ equation corresponds to the solution that
arises in Lighthill’s theory. And, the second term represents the
sound generated by fluctuating force, f, exerted by solid boundary.
And, the remaining two terms means the sound generated by the
volume displacement effects
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** The sound from the moving foreign bodies

« |If the velocity V of any point of source region is supersonic, the

Doppler factor comes 1_%_,\,' 1M cosd

- It vanishes at the angle, 9:003—1$

 The resulting singularities are the same as those that were
associated with Mach wave emission. However, when supported by
foreign bodies Mach waves are often able to coalesce into the
Intense shock.

« When the surface, S, is stationary, a=M=V=0, =y, FW-H equation
reduces to Curle’s equation 1@ T, R\
pxt)= 4rc? OX,0X, Lﬁ(y’t_gj d

1 o0 ¢ f R
I LY VAR |
Anc? OX, SR[y Cj
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** The sound from the moving foreign bodies
* Using moving coordinate system y = + x,(»,7)

0? JT
4ac*Hp' (X,t) =
p'(%,1) aXinL

ij d3

f-wm,|

1 0 J‘ {p\/i(vj_uj)+pij}
OX; *S ril-M,|

0 ¢ 1PV, —u)+ pu;}
e i i 0 KdS
+5’['L r‘l_Mr‘ nJ (77)

n KdS ()

Where J,K are Jacobians, if no volume change, J=K=1
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** The sound from the moving foreign bodies

» |f the surface is impenetrable, the normal surface velocity must be
equal to that of the flow. (u-n = v-n)

47ZC2H I(X t) 82 L JTIJ d3
) — D d I
& o X; V rll-M | 7 uadupoe
O pi-n-K <+— Dipole
-— [ 22— ds(n)
ox, S rl-M,|
<— Monopole
0 ¢ p.VAK
+ . dS
s v 9500
Noise Engineering / Acoustics - 30 -



** The sound from the moving foreign bodies
@ A compact pulsating sphere moving at low mach number

- M?<<1 negligible

- Linear & compact pulsation, wa/c<<1

- ()

47c’Hp' (X, 1) = aZL Ty d°7
oxx v rl-M|

B o J’ {p\/i(vj_uj)+pij}n ds(7)
/< ox s r-m,]

PV —U) + pu, -
) M| n;ds(7)

\___/

control surface S

0
_|__
ot

Fig. 9.13 — A moving pulsating sphere.
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** The sound from the moving foreign bodies
 For an observer in the for-field, equation with the retarded time
c(t-t*(n))=l x-p-Ut* |
™ =(t - Ixl/c + xin/ Ixle ) X 1/Mcosé

« since the source is compact, and M?<<1 (incompressibel), the field
close to the body satisfies the potential equation

« Onn-Inl=A, the normal velocity of the sphere
n-Ve=A(r) +Uny/q
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** The sound from the moving foreign bodies
» The solution of eq.(*) with this BC. Becomes

A 2
gD:_A(Z')a —EUAslé
n 2 7
. Op Op .. . oom 1 .5 0, 17
Velocity V=—"—=—"=A(r)a" =% —=—UA (){=% -1}
oy, on, 773 2 773 775

Pressure perturbation form unsteady Bernoulli

0 1
+ pU _¢___pvz
. on, 2

1 . o
) 2,0\/— poat

, 9,
P :_pOE(D

» Let’s evaluate each term;
monopole

0 ¢ p(Vi—U)+pli e D¢ JAE)+UR (¥ b
O PYTHIT PN g5 (77) = < ds
R PR L ) W Rt vy (i)
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** The sound from the moving foreign bodies
« Expand with 7*,

A*) +UAY (%) B = A(2D) +UAY (7)) B+ 3UA(D) + UAS (7)) T a +HOT
(%) (r )b4 (z) (To)b4 (7,) (7o) a’ |x|-c(1— M cos0)

. t—=x/c .
Ypete: TO:l—I\/‘Ic‘:osé? (1=0)

 Evaluating the integral (= *) for large Ixl,

o ¢ p(v, —U;)+ o U, ~
ot L n,dS(7)

I"l— M r‘ x| >> ‘Ur*‘
a 47za2pOA(T;) L = 1
:Gt{x-c(l—l\/l 005 0)’ rl-M,| |x/@1-M cos6)
. oz, B 1
47232,00 A(z,) ot 1-Mcosé

" r-c(1l-M cos 0)?
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** The sound from the moving foreign bodies
« Similarly
Dipole
0 _[ {,OVi(V,- —Uu;)+ pij} 27a° p,M c0os 9 ..

rd-M,) n;ds = X

( OX
Quadrupole

2 T 20 2 A
5 -[/ ij d3]’] ~ O ,Ooa M A
OX%X; ¥V r(l—M,)

 |n total,

PoazA(Tg)
X|(1—M cos 6)*

c°p'(X,t) =
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** The sound from the moving foreign bodies
® Note

« motion amplifies the pressure perturbation by 3% Doppler factor,
far more complicated than the point source case(linear case)

* [t is due to the coupled momentum flax associated with a volume
flux.

 The sound field generated by the force is only a mach number
smaller than the leading term!!
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